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PARTIAL SCHAUDER ESTIMATES FOR SECOND-ORDER ELLIPTIC AND 
PARABOLIC EQUATIONS: A REVISIT 

HONGJIE DONG AND SEICK KIM 


Abstract. Under various conditions, we establish Schauder estimates for both 
divergence and non-divergence form second-order elliptic and parabolic equations 
involving Holder semi-norms not with respect to all, but only with respect to some 
of the independent variables. A novelty of our results is that the coefficients are 
allowed to be merely measurable with respect to the other independent variables. 


1. Introduction 

The classical Schauder theory was established by J. Schauder about eighty years 
ago and since then plays an important role in the existence theory for linear and 
non-linear elliptic and parabolic equations. Roughly speaking, the Schauder the¬ 
ory for second-order elliptic equations in non-divergence (or divergence) form says 
that if all the coefficients and data are Holder continuous in all variables, then the 
same holds for the second (or the first, respectively) derivatives of the solution. 
For second-order parabolic equations in non-divergence (or divergence) form, the 
Schauder theory reads that if the coefficients and data are Holder continuous in 
both space and time variables, then the same holds for the second spatial deriva¬ 
tives and the first time derivative of the solution (or the solution itself and the first 
spatial derivatives, respectively). Such results were proved both in the interior of 
the domain and near the boundary with appropriate boundary conditions, as well 
as for higher-order equations and systems. See, for instance, (T|. 

For higher-order elliptic equations with smooth coefficients, by using the po¬ 
tential theory as in 111, P. Fife flOl established certain Schauder estimates involving 
Holder semi-norms not with respect to all, but only with respect to some of the 
independent variables. It was also observed by B. Knerr ifTHl and G. Lieberman ll24l 
that, for second-order parabolic equations in both divergence and non-divergence 
form, the regularity assumption on the coefficients and data with respect to the time 
variable can sometimes be dropped, which is also known as intermediate Schauder 
theory. The proofs in flTlI are based on the maximum principle, while in 1241 both 
the maximum principle and the Campanato's approach are used. See l26ll20l and 
references therein for other more recent results in this direction. These are some 
earlier work on what we shall hereafter refer to partial Schauder estimates, which is 
the subject of the current paper. Partial Schauder estimates have attracted many 
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attentions due to their important applications, for instance, in problems arising 
from linearly elastic laminates and composite materials (cf. ||3l|2Tl|22|). 

To be more precise, we first fix some related notation. Let x = (x^, ..., x'^) be a 
point in IR'*, with d> 2, and q be an integer such that 1 < q < d. We distinguish the 
first q coordinates of x from the rest and write x = {x', x"), where 

x' = (x^,...,x‘0 and x" = (x'^"^^, .. .,x^). 


Roughly speaking, x' denotes "good" coordinate variables while x" represents 
"bad" coordinate variables. For a function u on a domain Q c IR"^, naturally we 
define a partial Holder semi-norm with respect to x' as 

|m(x',x") - m(i/',x")| 

[u]x’,5;a ■= sup 

{x' ,x"), {y' ,x")eQ. 
x'ty' 


\x' - y'f 


Throughout this article, we assume 0 < 6 < 1 imless explicitly otherwise stated. 

Let us mention some recent work on partial Schauder estimates in 1511271191 11311 , 
which are closely related the current paper. In ||5|, we considered both divergence 
and non-divergence form second-order scalar elliptic and parabolic equations. 
Among other results, we proved that if the coefficients are independent of x' and 
the data are Holder continuous with respect to x', then derivatives of solutions 
with respect to x' are Holder continuous in x'. By using a different method, G. 
Tian and X.-J. Wang l27l proved similar results for non-divergence form elliptic 
equations with data Dini continuous in some variables. Under certain conditions, 
their results also extend to second-order fully nonlinear equations. We note that for 
non-divergence form equations, in both ||3 and l27ll the coefficients are assumed 
to be continuous in x, even though the estimates are independent of the moduli of 
continuity with respect to x. In |[9l, the first named author studied second-order 
divergence form elliptic and parabolic systems as well as non-divergence scalar 
equations, with coefficients and data Holder or Dini continuous in the time variable 
and all but one spatial variable, i.e., q = d — 1. In particular, it is proved that for 
non-divergence form equations if the coefficients and data are Dini continuous in 
z' := (t, x') and merely measurable in x^, then any solution u is in t, in x, 
and Mf and Dxx’U are continuous. Under the stronger condition that the coefficients 
and data are Holder continuous in z', Uf and Dxx>u are Holder continuous in all 
variables. In a very recent paper fl3l . Y. Jin, D. Li, and X.-J. Wang obtained the 
following results for non-divergence form elliptic equations: If the coefficients are 
independent of a direction ^ and the data is analytic in then any strong solution is 
analytic in E,) if the leading coefficients are continuous, and the coefficients and data 
are analytic in a direction E,, then any strong solution is analytic in (^; if the leading 
coefficients are continuous, and the coefficients and data are Holder continuous in 
E,, then for any strong solution u, Dx^u is Holder continuous. 

The main objective of this paper is to study the regularity of solutions for both 
divergence and non-divergence form elliptic and parabolic equations when the 
coefficients are merely measurable in the "bad" directions, which are allowed to be 
more than one. We give a brief account of our main results as follows. In the elliptic 
case, we assume that data is Holder continuous in x' and treat the following three 
classes of coefficients: 


1. The coefficients are independent of x' and with no regularity assumption with 
respect to x". 
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2. The coefficients are Holder continuous in x' and with no regularity assumption 

with respect to x". 

3. The coefficients are uniformly continuous in (x^,.. .,x‘^~^), merely measurable 

in x‘^, and Holder continuous in x'. 

In the first case, we show that for any strong solution (or weak solution) 
u of non-divergence (or divergence) form equations, D^,u (or D^’U, respectively) 
are Holder continuous in x'. This result improves the aforementioned results in 
Il^ l27l by removing the continuity condition with respect to x (see Theorem 12.2b . 
The main novelty of our paper lies in the second case, in which we prove that 
for any strong solution (or any weak solution) with a sufficient large p, 
D^,m (or Dx'U) are Holder continuous in all the variables (see Theorem 12.611 . In the 
particular case when q = d-2, one can actually estimate the Holder norm of Dxx> u 
for non-divergence form equations, and the Holder norm of Dx'U for divergence 
form strongly elliptic systems (see Theorem l2.10b . In the last case, we show that for 
any strong solution (or any weak solution), Dxx'U (or Dx’U) are Holder continuous 
in all the variables (see Theorem l2.12b . Analogous results for parabolic equations 
are also established. 

As mentioned before, for non-divergence elliptic equations, an estimate similar 
to Theorem 12.121 was recently proved in IITSl . Compared to fTSlI , our proof is 
technically different and we also obtain a sharper Holder exponent. 

Our proofs are all based on the Campanato's approach, but with various tech¬ 
niques in the three different cases. They work equally well for both divergence and 
non-divergence elliptic and parabolic equations. Let us give a short descriptions of 
the proofs in the elliptic case. For Theorem l2.2[ we mainly follow the outline of the 
argument in 0, which in turn adopts an idea of decomposition by M. V. Safonov 
and the mollification method of N. Trudinger. In the proof, we emphasize how 
to use an approximation argument to remove the continuity condition and also 
how to localize the estimates by using an iteration argument. The main idea of the 
proof of Theorem l2.6l is to apply an version of Campanato's characterization of 
Holder continuous functions (cf. Lemma [6. 14b . To the best of our knowledge, such 
application is new, as the Campanato's approach is usually used in the Lp setting 
for p > 1 (mostly in the case p = 2 or p = oo). The proof also relies on the Krylov- 
Safonov estimate, the De Giorgi-Nash-Moser estimate, and an estimate due to 
F. Lin Il23ll . In the proof of Theorem l2.10l we exploit the reverse Holder's inequality 
for elliptic systems and a recent result in Q by the first named author and N. V. 
Krylov about the estimates for non-divergence form elliptic equations with 
coefficients measurable in two directions. Finally, for Theorem 12.121 we appeal to 
some recent work in Cziiiii on Wp (or Wp) estimates for elliptic equations with 
coefficients measurable in one direction, from which we obtain an interior C^'“ (or 
C“) estimate for solutions to homogeneous equations. 

The organization of this paper is as follows. We state our main results for elliptic 
equations in Section|2l Section|3]is devoted to the proofs of these results. The main 
results for parabolic equations are stated in Section|4]and their proofs are given in 
Section|5l where we also use a special type of interpolation inequalities proved in 
the Appendix for parabolic Holder semi-norms, which might be of independent 
interest. 
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2. Main Results for elliptic equations 
We consider elliptic operators in non-divergence form 

Lu := d\x)DijU, 

and in divergence form 

£.u := Di(a'’{x)Dju), 

where fhe coefficients a‘i{x) are measurable functions on satisfying fhe uniform 
ellipficify condition 

v\^\^ < Vx e JR'', (2.1) 

for some constanf v e (0,1]. We assume fhe symmefry of the coefficients (i.e., 
a‘i = fl/') for the operators L in non-divergence form. For fhe operators X, in 
divergence form, we do not require coefficients to be symmetric but instead assume 
that they are bounded; to avoid introducing a new constant, we simply assume 
that I]fy=il«'^(x)p < v~^ for all x e insfead of fhe second inequality in (12.1b . 

For A: = 1,2,..., we set 

[u]x',k+5:Q = [Dx'U]x>,5-,a = max [D"u]x',5-,q, 

(xeZ‘l,\a\=k 

where we used the usual multi-index notation and D" := Df* • • ■ D“‘’. We also use 

1 y 

the notation 

|M|o;n = sup \u\. 

Q 

When O = R'^, we will drop the reference to the domain and simply write 

[u]x’,6 = Mx',5;R‘‘) Etc. 

We denote C^,(0) the set of all bounded measurable functions m on Q whose 
derivatives D“u for a e with \a\ < k are continuous and bounded in O. We 
denote by Cj)‘*(Q) the set of all functions u e C^,(0) for which fhe partial Holder 
semi-norm [M]x',ic+ 6;0 is finife. We use fhe nofation Wp(Q), k = 1,2,..., for the 
Sobolev spaces in O. 

For p e (1, oo), we say that u e Wp.j^^(O) is a strong solution of Lu = / in Q if 
u satisfies the equation Lu = f a.e. in Q. In the first theorem below, we assume 
that fl'i are independent of x' and merely measurable in x". We denofe by Br(xo) 
fhe Euclidean ball wifh radius r centered at xq. When the center is the origin, we 
simply write By for 6^(0). 

Theorem 2.2. Assume that a = [a'i] are independent ofx'. 

(i) Let u e be a bounded strong solution of the equation 

Lu = / in Kf 

where f e Cf. Then u e and there is a constant N = N{d, q, v, 6) such that 

[w].v,245 < N[/]v,6. (2.3) 

(ii) Let u e be a bounded strong solution of the equation 


Lu = f in Bi, 
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where f e C^,(Bi). Then u e and there is a constant N = N{d,q,v,S) 

such that 

[u]x',2+6;By2 ^ ^ ([/]x', 6 ;Bi + |m|o;Bi) • (2.4) 

(in) Let u e be bounded weak solution of the equation 

Jill = div/ in Bi 

where f = (/^,...,/'*) e C^,(Bi). Then u e C|;,'^'^(Bi/ 2 ) and there is a constant 
N = N{d, q, V, b) such that 

[m].tM+6;Bi/2 ^ N ([/].r',6;Bi + |m|o;Bi) • 

Remark 2.5. Under the additional assumption that a‘> are uniformly continuous 
with respect to x", results similar to Theorem |2]2] were proved in fS) and l27l . 

In the next theorem, we assume that a‘i are Holder continuous in x' and merely 
measurable in x". 

Theorem 2.6. Let b e (0,1] and p e (d, oo) be such that b - d/p > 0. Assume that 
a = [a’i] are b-Holder continuous in x' and merely measurable in x". Then, there exists 
a constant bo = bo{d,v) > 0 such that the following assertions hold with any b e (0, 6 o) 
satisfying b < b - d/p. 

(i) Let u e Wp(Bi) be a strong solution of the equation 

Lu = f in Bi, 

where f e Cf{Bi). Then Dfu e C'^(Bi/ 2 ) and there is a constant N = N{d,q,v,p,b) 
such that 

[D?-«] 6 ;b „2 ^ ^ ([/].VAB, + (1 + J WDhih^iBp) . (2.7) 

(ii) Let u e IVp(Bi) be a weak solution of the equation 

J/u = div/ in Bi, 

where f = (/^,...,/‘^) e C^,(Bi). Then e C^(Bi/ 2 ) and there is a constant 
N = N{d, q, V, p, b) such that 

^ ^6;B, + (1 + [^IvabJ IIDmIIl^(bp) . (2.8) 

Remark 2.9. For non-divergence elliptic equations, an estimate similar to i2.7\i was 
obtained in l27l under the assumption that a^> are independent of x' and continuous 
in x". 

Our next result is regarding the special case when q = d —2. 

Theorem 2.10. Assume d > 3 and q = d - 2 so that x" = (x‘^“^,x‘^). Let b e (0,1] and 
p e (d, oo) be such that b - d/p > 0. Assume a = [a‘i] are b-LLolder continuous in x' but 
merely measurable in x". Then, there exists a constant bo = bo{d,v) > 0 such that the 
following assertions hold with any b e ( 0 , 6 o) satisfying b < b - d/p. 

(i) Let u e Wp(Bi) be a strong solution of the equation 

Lu = f in Bi, 

where f e C^,(Bi). Then DDx'U e C^(Bi/ 2 ) and there is a constant N = N{d, v, p, b) 
such that 

< N ([/]x',6;Bi + (1 + [«].V,a;Bi) I|D^m|Ilp(Bi)) • 


(2.11) 
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(ii) The statement of Theorem \2.6\ (ii) still holds for strongly elliptic systems. 

We obtain better regularity for u when the coefficients are assumed to be uni¬ 
formly continuous in (x^,..., i.e., all but one independent variable. 

Theorem 2.12. Let 6 e (0,1] and p e {d,oo) be such that S := 5 - d/p > 0. Assume 
that a = [fl'l] are uniformly continuous in {x^,... merely measurable in x^, and 

6-Holder continuous in x'. Let coa denote a modulus of continuity of a = [a'i] ivith respect 
to (x^,.. .,x‘^~^). 

(i) Let u e Wp(Bi) be a strong solution of the equation 

Lu = f in Bi, 

where f e C*,(Bi). Then DDx'U e C®(Bi/ 2 ) and there is a constant N depending 
only on d, q, v, p, 6, and cOa such that 

< N([f]^, s,s^ + (1 + WD^uWl^^bp) ■ (2.13) 

(ii) Let u e Wp(Bi) be a weak solution of the equation 

£.u = div/ in Bi, 

where f - (p,.. . ,/^) e C^,(Bi). Then Dx'U e C^(Bi/ 2 ) and there is a constant N 
depending only on d, q, v, p, 6, and cOa such that 

[Dx'U]^.^ < N [[f]x'^S;Bi + (1 + [«]v,6;Bi) \\Du\\i^^Bi)) ■ (2.14) 

Remark 2.15. By the interior Lp estimates established in flTl and (4|, in Theorem l2.12l 

(i) we may assume that u e W?(Bi) for some small p > 1, and the term ||D^u||l 
on the right-hand side of (12.13^ can be replaced by the sum of a weaker norm of u 
and the Lp norm of /; for example, we would obfain an estimate like 

[DDx'U]^.B^^^ ^ ^([/L',<5;Bi + WfWlpiBP + I|m||Lp(Bi)) , 

where N depends only on d, q, v, p, p, 6, [fl]x',s;Bi and oja- Similarly, in Theorem l2.12l 

(ii) we may assume that u e Wl(Bi) for some small p > 1, and the term \\Du\\i^^bp 
on the right-hand side of (12.14b can be replaced by the sum of a weaker norm of u 
and the Lp norm of /. 

Remark 2.16. For non-divergence elliptic equations, an estimate similar to (12.13b 
was recently shown in flSlI by using a different proof. It should be pointed out that 
in lEl it is assumed that 5 is strictly less than 5 - d/p. 

Remark 2.17. We only consider operators without lower-order terms for the sake 
of simplicify of the presentation. In Section 13.51 we will illustrate how to extend 
our results to equations with lower-order terms. 

3. The proofs: Elliptic estimates 

3.1. Proof of Theorem 12.21 We prove fhe theorem in essence by following M. V. 
Safonov's idea of applying equivalent norms and representing solutions as sums of 
"small" and smooth functions. However, his argument as reproduced in the proof 
of IITSl Theorem 3.4.1] is nof direcfly applicable in our case by several technical 
reasons and to get around this difficulty we also make use of the mollification 
method of Trudinger l28l . 
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For a function v defined on and e > 0, we define a partial mollification of v 
with respect to the first q coordinates x' as 

v‘^(x',x"):= ^ f v(}/',x'%l- - ^-\dy'= f v(x' - ey',x'%(y')dy', (3.1) 

where (,{x^,... ,x^) = rj = i]{t) is a smooth function on R with a 

compact support in (-1,1) satisfying J q = 1, J tqdt = 0, and f fiqdt = 0. We 
assume further that the support of q is chosen so small that C G C“(Bi). Then, by 
virtue of Taylor's formula, it is not hard to prove the following lemma for partial 
mollifications (see, e.g., 1151 Chapter 3]). 

Lemma 3.2. Let e > 0 and xq g 

(i) Suppose V e C* (B£(xo))- Then we have 

e^“'^|D;,m^(xo)l + e^“®|D^,t5^(xo)| < N{d,q,6,q)[v]x',6-,BAxo)> 

(ii) Suppose v e C’p'^{B£{xo)) {k = 0,1,2). Then we have 

|ii(xo) - 0^(xo)| < N{d,q,5,q)e'''^^[v]x',k+6-,BAxo)- 

For A: = 0,1,2,..., denote by Pjt, which we shall refer to as the set of all fcth-order 
partial polynomials in x', the set of all functions p = p{x',x") on R*^ such that 
p{x', x") is a polynomial of x' e R'^ of degree at most k for any x". We will also use 
the following notation for a partial Taylor's polynomial of order k with respect to 
x' of a function z; at a point x'^. 

T\,v{x', x") ■.= ^(x'- XgfD"v(x'g,x''). 

\a\<k 

First we prove assertion (i) of the theorem and derive an a priori estimate for u 
assuming that u e C^,'''^(R^). By mollification, we can find a sequence of coefficients 
a„ = [a^], which are continuous, independent of x', satisfy (12.1b . and a„ a a.e. as 
n ^ oo. Let L„ be the corresponding operator with in place of a. Then we have 

L„u - fn, where fn=f + («« - a'’)DijU. 

Let K > 2 be a number to be chosen later. Since a^ are independent of x', we have 
for any r > 0, 

LnU^^=fn- 

Let By = Br(xo), where xq is a point in R*^, and let w (= w„) e n C^lB^r) be 

a unique solution of the Dirichlet problem (see fT2l Corollary 9.18]) 

f L„w = 0 in B^r, 
yw = u-u'^’' on dB^r- 

By the ABP maximum principle and Lemma f3.2l (iil. we obtain 

sup |zi;| = sup Iwl < N{Kr)^'^^[u]x>^ 2+6; 02,,- (3-4) 

Byy dByy 

It follows from the theory of Krylov and Safonov that w is locally Holder continuous 
in Bky with a Holder exponent 6o = v) e (0,1). Since ah are independent of x', it 
is reasonable to expect from (13.3b a better interior estimate for w with respect to x'. 
Indeed, by using a technique of the finite difference quotients and bootstrapping 
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(see, e.g., ||2l §5.3]), one easily gets from the Holder estimates of Krylov and Safonov 
that, for any integer 7 > 1 , 

\D[Mo-,b „,2 < {Kr)~>N{i, d, q, v) |w|o;B,„ (3.5) 

where we used notation 

max |D“k;|o;b^ and |a;|o;B, = sup |h;|. 

\a\=j Br 

In particular, with j = 3, we get 

\w - w|o;B, < Nr^|D^,w|o;B, < Nr^\Dl,w\o;B„p (3-6) 

< NK“^|a;|o;B„ < NK^“^f^'^*[M]v, 2 + 6 ;B 2 „/ 

where the last inequality is due to J3.4b . 

On the other hand, it is clear that v := u - u’^'' - w satisfies 

I L„v = f„- in 
I = 0 on dB^r- 

Therefore, by the ABP maximum principle and Lemma [3.21 1111 we have 

\u - - H;|o;B,, = |l^lo;B„ < NxrWfn - fn''\\L,{B.,) 

< N{Krnf],,,,.,B2„ + NKrWia^ - a‘>)Dquh,^B2.^y (3.7) 
By Lemma I 3 I 2 I 111, we also get 

- T’2,«-|o;B, < Nr^\Dl,tno-,B, < Nr^{Krf-^[Dl,u]rAB,,,,,, 

< MK^-V+^[M],-2+a;B2„. (3.8) 

Take p - f^,zv + e F 2 . Then combining (13.611 - (13.8b yields 

|m - Pl0;B, < |W - m'"'' - w|o;B, + W’’ - m'"''|o;B, + |w - w|o;B, 

< Nk*“V+®[u];,-, 2 + 6 ;B 2 „ + N{Krf^^[f]r,6;B2„ + NKr\\{d’ - a‘>)DijU\\L,{B2„)- (3.9) 
Letting n ^ 00 , this together with the dominated convergence theorem implies 

r~^~^ inf |w - p|o;B,(xo) ^ N^K^”^[M]v, 2 + 6 ;B 2 „qo) + N^K^^^[/]-V, 6 ;B 2 t,(xo)/ (3.10) 

peP 2 

for any xq e IR'^ and r > 0. We take the supremum of the left-hand side (13.10b with 
respect to xq ^ and r > 0, and then apply flH Theorem 3.3.1] to get 

[M].x', 2 +a ^ ^[M]x', 2 +a + hlK^'^^[/]x',a- 

To finish the proof of ( 12.3b for w e C^,''‘*(]R‘^), it suffices to choose a large k such that 
Nk*-i < 1/2. 

Now we drop the assumption that u e C^/^(R'^) by another use of the partial 
mollification method. As noted earlier in the proof, since a'^ are independent of x', 
we have 

n = l, 2 ,.... 

Since e C^/®(]R‘^), by the argument above, we have a uniform estimate 
[fi^^"]v, 2 +a < iV[f ^”]v,a < N[/],., 6 , n = 1 , 2 ,.... 
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Moreover, < [m]o and converges locally uniformly to m as n tends to 

infinity. We thus conclude that u e and II2.3II holds. This completes the 

proof of assertion (i). 

Next we prove assertion (ii). In view of the proof above, without loss of general¬ 
ity we may assume that a'i are continuous in Bi and u e For n = 1,2,..., 

denote r„ = 3/4 - 2“”“^ and = Br„. Note that r„+i - tn = 2“"“^ and B^) = B 1 / 2 . 
Now we fix a point xq e B^^\ Let k > 2 be a number to be fixed later. For any 
r < 2“"“^/K, we have B 2 Kr(^o) c It then follows from the proof of (13.1011 in the 

previous step that 

ilh|M - plo;B,(j;o) Hw],V, 2+6;B(’’+') + [/]x',6;Bi- 


„- 2 -a 


peP2 


(3.11) 


Bi- 


(3.12) 


On the other hand, for any r e (2 " ^/k, 1/4), we have 

inf |m -p|o;B,(x„) < ?'“2 “®|m|o;B,(xo) < (2"+\')2+Vlo; 
peP2 

Combining ll3.11ll and (13.1211 , and then applying IITSl Theorem 3.3.1], we get 

[w],T',2+a;BW ^ NK*“^[w].x',2+a;B("+i) + NK^'"^[/].V,a;Bi + N(2 "+^k)^'"*|w|o;Bi■ (3.13) 

We choose a k sufficiently large such that Nk*“^ < 1/10. By multiplying both sides 
of (13.13b by 10“” and then summing over n = 1,2,..., we reach 

oo 

y"*, 10 "[w]x',2+a;B('') 

OO oo 

.+N|/k..,. + N2^ 10-J!2”(2+‘5)|y|p B 

n=\ n=l 

oo 

< 10 " HM]x', 2 +a;B<»+i) + l^[/]x',a;Bi + N|u|o;Bi- (3-14) 


n=l 


n=l 


Since u e C^/®(B 3 / 4 ), the summations in (13.14b are finite. By absorbing the first term 
on the right-hand side of (13.14b to the left-hand side, we get (12.4b . 

Finally, we prove assertion (iii) by combining the proof of |5l Theorem 2.14] with 
that of assertion (ii). The theorem is proved. ■ 

3.2. Proof of Theorem l2.6l In order to prove the theorem, we need a slight gener¬ 
alization of the main result of l23l . which can be proved in the same way as in l23l 
by using dilations and standard approximation arguments. 

Lemma 3.15. Let r > 0 and w e W^{Br) be a function such that lu = 0 on dBy. Then 
there are constants e e (0,1] and N, depending only on d and v, such that we have 


j- \D^w\^ dx<Nl^J- dxj . 


Let 6o - bo(d,v) > 0 be the Holder exponent appearing in the Krylov-Safonov 
estimate. We first assume that Dfu e C*(Bi/ 2 ). By mollification, we can find a 
sequence of coefficient matrices a‘J, which are continuous in x, ^-Holder continuous 
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in x' with [a’J]x',6 ^ l^'^h',6, satisfy <2.1b , and aj —> a'^ a.e. as n —> oo. Let L„ be the 
corresponding operator with a'J in place of a‘K Then we have 

L„u = fn, where f„ = f + {dl - a‘>)D,jU. 

We fake a point xg e B 1/2 and r,R e (0,1/4) such that 0 < r < R/A. Clearly, u satisfies 

d^{XQ,x")DijU = fn+ gn, (3.16) 

where g„ = {dl{x'^,x”) - dl^ DijU. By the classical W^ solvability for elliptic equa¬ 
tions with continuous coefficients, there is a unique solution iv e W^(Br(xo)) of fhe 
equation 

d^{Xg,x'')DijW = f„- f{xQ,x'') + g„ 

in Br(xo) with the zero Dirichlet boundary condition. Thanks to Lemma [3.151 the 
triangle inequality, and Holder's inequality, we have 

dx KNR^ If \f„ - fix',, x") + gn f dx] 
vJbrCxo) / 

\JBr(xo) ! 

+ (3.17) 

where N = N(d, v). It is easily seen that v := u-xv e W^(Bk(xo)) satisfies 

dlix',,x")DijV = fix',,x") in Br(xo). (3.18) 

Note that both a'fx',, x") and f{x',, x") are independent of x'. By mollification wifh 
respect to x', without loss of generality, we may assume that v is smooth with 
respect to x'. By differentiating O.lSb with respect to x' twice, we see that v := 
satisfies 

d,l{x',,x")D,jV = Q in Br/ 2 (xo). 

Clearly, for any consfant c e IR, the same equation is satisfied by 0 := 0 - c in place 
of V. Denote (v)b,(xo) = By applying the Krylov-Safonov estimate, we get 


f 

Jb, 


Br(Xo) 



\v - (f^)B,(:c„)|" dx= f \v- (0)B,(xo)r dx < [0]^^. 

Jb,(xo) 

( y \ d+£&0 r i r \‘l+£<>0 r 

l) m^dx = N(L) 

JBRn(Xn) JBj^niXn 


BR/i{XQ) 

|0 - dx. 


(3.19) 


Here, we recall the facts that for all a,b > 0 we have 


(a + bY<a‘^ + bf {a^ + b^) < 2{a + bf. 
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By ll3.17b . Il3.19b . and the above inequalities, we obtain 
iDlu - {DIv)b,(xJ 


I I 

Jb,(xo) 


N f \Dlv - +N f |D>| 

Jb,(xo) dB,(xo) 

X 


. \d+e6Q 


(y \d+e6Q 

r) 


\Dtv-c\ +N 


tBjjCxo) 


X 


f I 

»7Br{a:o) 


Dtw-c +NR‘ 


d-e 


f I. 


l/n-/r 


eld 


Taking n —> oo in Il3.20b , by the dominated convergence theorem, we reach 


(3.20) 


Jb,(x„) VK/ dBR(x„) 


Diu - c 




We setQ 


Lp(Bi)- 


(p(xo,r) := inf I |DJ,,m - c| 

JB(xa,r) 


Note that since c e IR is arbitrary, we get from the above inequality that 

. \d+e6o 


( Y \u+cOo 

-j (p{xo,R) 


+ NR‘‘^‘^^[fY. \\D^u\\ 


(3.21) 


^x',6;Ba ' “"Lp(Bi)- 

The following lemma is a is variant of flTl Lemma 2.1, p. 86], the main distinction 
from which is that the monotonicity of (p is not assumed below. 

Lemma 3.22. Let (p{t) be a nonnegative, bounded function on (0,Ro] such that 

(pip) < A [(p/R)“ + e] (piR) + BRl^ (3.23) 

for alio < p < R < Rq, where A, a, f are nonnegative constants and f < a. Then there 
exists a constant eq = eo(^/«/ P) such that if e < eQ,for allO < p < Rq we have 


(pip) < c 


Rn 


sup ( 

((0,Ro] 


+ Bpf= 


with a constant C = C{A, a,f). 

Proof Let fit) = supg^g^j(()(s). Then f is a normegative, nondecreasing function 
on (0,Ro]. For any t e (0,1], we obtain from Il3.23b that 

(pixp) < A [(p/R)“ + e] (pixR) + B(tR)^. 

Then by taking the supremum over t e (0,1], we find ip also satisfies the inequality 
(13.23b . Therefore, by lITTl Lemma 2.1, p. 86], for all 0 < p < Rq we have 

./i(p)<c[(p/R)'^i/i(R) + Bp/=], 


*By abuse of notation, we use D^, u to denote the scalar Djjii for i, j = 1,... ,q. 
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where C = C(A, a, j8). ■ 

Observe that (p(xo, r) < \D^,u\^ and thus we have 

sup |(/)(xo, r) : xq e B 1 / 2 , 0 < r < 1/2| < N(e)|j" |D^M|iix| . 

Therefore, by Lemma I3.22i we get from I I3.21II that for any Xq e B 1/2 and any 
r e (0,1/16), there is a number Cx„,r such thafl 

I(x„ p ^ ^ • (3.24) 

By Campanato's characterization of Holder continuous functions (see Lemma[6d3l, 
we obtain (12.711 from ll3.24ll . 

To remove the additional assumption D^,u e C®(Bi/ 2 ), we use a mollification ar¬ 
gument. Taking the mollification of (13.16b with respect to x' and then differentiating 
with respect to x' twice, we get that for any 6 e (0,1 /4), 

4^'(x', x")D,j (d?,«®) = + Dl,f„ in B 3 / 4 . 

Thanks to the Krylov-Safonov estimate, D^,u® e C^"(Bi/ 2 ). Then by the proof above 
with M®, /®, and in place of u, f„, f, and g„, respectively, we get (13.24b with u 

replaced by u® on the left-hand side. Therefore, by Lemma [6.141 

+ (1 + M.V,6;Bi) I|D^m|ILp(Bi)) / 

where N is independent of 6. Since D^,u® —> D^,u a.e. as 0 —> 0 by the Lebesgue 
lemma, we obtain (12.7b . This completes the proof of assertion (i). 

The proof of assertion (ii) is similar. We provide the details for the completeness. 
Take a point xq e B 1/2 and r,R e (0,1/4) such that 0 < r < R/4. Let w e W^/Br/xq)) 
be the weak solution of the equation 

Di (a'^ix'g, x'')DjZv'j = div (/(x) - /(Xg, x")j + Di ((a'^/Xq, x") - a'^{x))DjU^ 


in Br(xo) with the zero Dirichlet boundary condition. By the W^ estimate and 
Holder's inequality, we have 

2 

dx 

^ ' -/'U' ' \ 'U' ' ' 'I J 

^Br{Xo) 

prf+26r 


r |Dii;piix<N r /(x) - /(Xq,x") + [fl'-'(Xg,x") - fl'-'(x)) 

JBr{Xq) *Jbr{Xq) 


< 




x', 5 ;Bi 


II^"IIlp(Bi) 




(3.25) 


where N = N{d,v). It is easily seen that v := u - w & W 2 (Br(xo)) satisfies 

D; (fl'^(xQ,x")Dyz;) = div/(xg,x") in Br(xo). (3.26) 

Note that both fl'^(Xg, x") and /(Xg, x") are independent of x'. By mollification with 
respect to x', without loss of generality, we may assume that v is smooth with 
respect to x'. By differentiating (13.26b with respect to x', we see that v := Dx'V 
satisfies 

D,(a‘>{x'^,x")Djv) = 0 in Br/ 2 (xo). (3.27) 


*The infimum in the definition of (pixg, r) is realized by some number c in R. 
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Clearly, the above equation is still satisfied hy v := v - (v)br(xo) in place of v. 
Therefore, by applying fhe De Giorgi-Nash-Moser esfimate, we get 

r \v-{v)BAx,)f dx= f \v-(v)ba:co)1^ 

JBr(XQ) ^Br(XQ) 

/ y \ d+ 26 o r / Y \rf+ 26 o C . .2 

<N - \vfdx = Ni-) |i)-(«)B.(.o)| dx, (3.28) 

JB^n(x„) JBuiAxr,) 


where 6o - 5 o(m, v) > 0 is the Holder exponent appearing in the De Giorgi-Nash- 
Moser estimate. By Il3.25b . Il3.28b , and the triangle inequality, we obtain 


/ I 

JBriXo) 


{Dx'U)b^(^xo)\ d.x 


f 

JBr(: 


<N I jDx^v - (Dx'V)baxo)I dx + N 
vho) 


■'wf dx 


'Br{X(i) 


f |D,l 

JbAxo) 

|2 

i)| dx + N 

f lDx’U-(Dx>u)Bjf(xi,)f dx + N f \Dw\^ dx 
u - (D;,-m)bs(xo)|^ dx 

+I«K.,.;..IID"IImb.))' ( 3 - 29 ) 

By Lemma [3.221 we infer from I l3.29b fhat, for all 0 < r < 1/16, we have 

I \Dx'U-{Dx'U)BAxo)f dx 
JbAxo) 



1 ti+26o 

r 

\R. 

) 

-'^R/2(^o) 

(- 

^d+25o 

f 

\r. 

) 

-'Br/2(Xo) 

/r' 

,d+25o 


[r. 

I 

1 ■ 

-'Br(xo) 


< ( f |D,up dx + [f]l + [a]l,,^,^\\Du\\l 


/Bi/4(j:o) 

Then we get Il2.8b from Il3.30b . The theorem is proved. 




)■ 


(3.30) 


з. 3. Proof of Theorem l2.10l For the simplicity of presentation, in Lemma l3.31l (iil 
and the proof of Theorem l2.10l below, we slighfly abuse fhe notation by still using 

и, a'i, and £. to denote (wi,..., u„-,y, and Di{a^^Dj), respectively, where m 

is a positive integer; that is, we keep using the scalar notation for the systems as 
well. The following lemma is a key for the proof. 

Lemma 3.31. Assume that ad(x) = ad(x") = ad{x‘^~^,x^). There exist constants do = 
bo{d,v) e (0,1) and N = N{d,v) such that the following hold. 

(i) Ifii e W^{Bi) is a strong solution ofLu = 0 in Bi, then we have 

[Dm]6o;B„2 < N||m||l2(Bi)- 

(ii) Ifu e ]N\{Bi) is a weak solution of a strongly elliptic system £.u = 0 in Bi, then we 
have 

[“]6o;Bi/ 2 ^ hl||M||L2(Bi)- 
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Proof. In the proof we shall denote h = {-r,rY, 1' = {-r,rY~^, and 1" = {-r,rY. 
We begin with assertion (i). We recall that there exist constants po = po{d,v) > 2 
and N = N{d,v) such that if u e ^ 2 (^ 2 ) is a strong solution of Lm = 0 in I 2 , then 
u e W2^(Ji) and 

^ (3.32) 

Indeed, for 1 < s < t < 2 fixed, let fjhe a smooth function on IR with a compact 
support in (-s,s) such that 7 ) = 1 on (-t, f), |t]'Io < 2/(s - f), and |r)"|o < 6/(s - f)^. 
By m Theorem 2.8] applied to = tu, where C{x) = nf=i pix'), followed by an 
interpolation inequality for the Sobolev spaces, we have 

< N(s - t)-2 + N{s - t)-i 

< Ne“Hs - t)-^ I|m||lp„(4) + eWD^uWi^^^Q. 

Then, by flTl Lemma 3.1, p. 161], we obtain 

This inequality and interpolation inequalities for the Sobolev spaces, we get II3.32II . 
Since we assume that are independent of x', by using the argument of finite- 
difference quotients, the same inequality also holds for D^,u {j = 1,2,...) in place 
of u. Then by successive application of I I3.32I I together with standard covering 
argument, we obtain 

\\D^Di,u\\L,,iH) + \\DDi,u\\L,,ii,) < N||«||l,„( 13/.) < N||«||i,(y, ; = 0,1,2. (3.33) 

where we used Krylov-Safonov estimate in the last inequality; that is. 


“IIi.«.(6/2) ^ N\\u\\L2{h)- 


Take 60 = 1 ~ 2/po and set v = Du. By the Morrey-Sobolev inequality, we have 


sup 

x"+y" 


\v{x',x")-v{x',y")\ 
\x" - 


<N(||Dn(x',-)llL,„(/;') 


Mx',-)\\L,,iro)- 


(3.34) 


On the other hand, by the Sobolev embedding, there exists A: e N such that v(x', x") 
and Dx"V(x',x") as functions of x' e satisfy 


sup(|t;(x',x")| -t \Dx"V{x',x")\) < n(||z7(-,x")IIw'' (im + IIDx''i^(• ,x")llw* (/'))• 

V PO' u PO' I'J 


This implies that for all x' e 1] we have 

r \v(x',x'')r + \DxMx',x")rdx" <nY, + \\D{,Dx^,v\\ll^^X 

0<j<k ' ' ' 

This combined with (13.341 and (13.331 1 shows that (recall v = Du) 


[Du]x”, 6 o;h ^ ^^I|w|Il2(I2)- 


(3.35) 


Next, again by the Sobolev embedding theorem, we find a positive integer k such 
that v{x', x"), as a function of x' e 1 ], satisfies 


|z;(x',x")-t'(y',x")| 

|x' - y'\^° 


<N||i;(',x )llwJ|j(i;) 


sup 

x'^y' 


(3.36) 
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By the Morrey-Sobolev inequality for ; = 0,1,.. .,A:, as a function of 

x" e 1”, satisfies 

sup |d{,z;(x',x")| < N (||d{,z;(x', • )llLp„(i;') + ||Dr«D{,i;(x', • )IIlp„(j;')) • 

This together with II3.36II and (13.3311 gives (recall v = Du) 

[Du]m <nY, (\\KDu\\L,„iH) + ||D,.Di,DM||i,^„gp) < N||m||l,&). (3.37) 

0<j<k 

By combining (13.3511 and (13.3711 and using a standard covering argument, we get 
assertion (i). 

The proof of assertion (ii) is similar. Recall that there exist constants po = 
pQ{d,v) > 2 and N = N{d,v) such that if m e W^ih) is a weak solution of X.u = 0 in 
h, then Du is po'integrable in h and 

I|Dw||lp„(Ii) < N||Dm||l2(J3/2). 

Also, note that by the Sobolev embedding theorem, we have 

MkidUd-Dih) ^ ^ll“llw)(Ii)- 

Therefore, by the Caccioppoli inequality, we get (by replacing po by 2d/{d - 2) and 
using Holder's inequality if necessary) 

I|m||lp„(Ii) + I|Dm||lp^(Jj) < JV||m||l2(I2). 

Since we assume a'i are independent of x', the same inequality also holds for D^,m 
a = 1,2,... ) in place of u. Then by successive application of the Caccioppoli 
inequality together with a standard covering argument, we obtain 

\Ku\\L,,ik) + < N{d,v,i) llulk^g^), ; = 0,1,2. (3.38) 

Then by using (13.3811 instead of (13.3311 and repeating the same argument (I3.34b - (l3.37ll 
with u in place of v, we get assertion (ii). The lemma is proved. ■ 

We begin with the proof of assertion (i). We follow exactly the same line of the 
proof of Theorem l2.6l til up to (13.18b . As before, by the mollification argument we 
may assume that DDx'U e C*(Bi/ 2 ). Recall that x" = (x^“^,x'^) and observe that 
V := Dx'V satisfies the equation 

dl{xQ,x‘^~^,x^)DijV = 0 in Br/ 2 (xo). (3.39) 

By Lemma [3 .31 1 with a scaling, we find that 

^ < NR-‘'/^-i-'1|i)||l,(b,/2(.o))^ (3-40) 

where we used Krylov-Safonov estimate in the last inequality; that is, 

PIL(B3«Mx„)) |z)|" 

WBr/2{Xo) 

Note that (13.39b is still satisfied with 

v:=v- {v)br,^(x„) - c • (x - Xo) 
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in place of v, where c e is an arbitrary constant vector. It should be noted that 
{v)br/ 2 (xo) - 0- Therefore, by applying J3.40II and the Poincare inequality, we get 


I \Dv-{Dv)B^(,c„)f dx^ I |D0 - (D0)B^qo)f dx 

JBriXo) -JBriXo) 

*JBr/2{Xo) 


<N 

= N 


/ y \d+£6o r 

Jb, 


Br/2(Xo) 


( y \d+e5o P 

Rf Jb, 


Br/2{Xo) 


|Dii|*^ dx 


\Dv - c|^ dx. 


(3.41) 


Then by using ll3.41b instead of ll3.19b and proceed as in the proof of Theorem 12.61 
we find, similar to b3.24b , that for any xq e B 1/2 and any r e (0,1/16), there is a 
constant vector Cx^.r £ such that 



jnOj'W CxQ^r\ 


dx < + (1 + [«K..m,)IId’"IIm.,)). 


from which (12.11b follows as before. This completes the proof of assertion (i). 

We now turn to assertion (ii), the proof of which is slightly different from that 
of Theorem 12.61 (ii) in a way that we dispense with the De Giorgi-Nash-Moser 
estimate so that the proof carries over to the case of strongly elliptic systems. 
First, we follow exactly the same proof of Theorem 12.61 (ii) up to (13.27b . Recall 
that we assumed that x" = (x‘^“^,x'^) and observe that (13.27b is still satisfied by 
V := V - {v)br{xo)- Therefore, by Lemma 13.311 with a scaling (note that Lemma 13.311 
(ii) holds for systems), we find that v satisfies an estimate 


{v]ba-,BRii(xo) ^ nr ‘^^^||0||l2(Br/2(:co)) 


with 60 = 6 o(d, v) > 0 and N = N{d,v). 

Then, by utilizing the above instead of De Giorgi-Nash-Moser estimate, we 
repeat the rest of proof of Theorem l2.6l fiil and obtain (12.8b . The theorem is proved. 


3.4. Proof of Theorem 12.121 For the proof of the theorem we need the following 
three lemmas. 

Lemma 3.42. Let p e (1, 00 ) be a constant. Assume that a = [ad] are continuous with 
respect to(x^,..., x^~^) in B 2/3 with a modulus of continuity coa and continuous inB\\ B 2/3 
with a modulus of continuity o) a. Then for any f e Lp(Bi), there is a unique strong solution 
u e Wp(Bi) to the equation adDqu = / in Bi with the Dirichlet boundary condition u = 0 
on dBi. Moreover, we have 

IIw|Iw2(Bi) ^ N||/||lp(Bi), 
where N depends only on d, p, v, ooa, and d>a. 

Proof. By following the arguments in flEl Chapter 11], the lemma is a consequence 
of the a priori interior Wp estimates proved in CZlIl for elliptic equations with 
coefficients measurable in one direction and the classical boundary Wp estimate 
for elliptic equations with continuous coefficients. ■ 
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Lemma 3.43. Assume that a = [a'^] are continuous with respect to (x^,..., x'* with a 
modulus of continuity coa- 

(i) Let p e (l,oo). Assume that u e Wp(Bi) and satisfies a^^Diju = / in Bi, where 
f e Lp(Bi). Then we have 

II“IIw2(Bi/2) ^ W(|I/IILp(Bi) + I|w|Ilp(Bi))/ 

where N depends only on d, v, p, and cOa- 

(ii) If in addition f e Lp(Bi)for some p e {p, oo), then we have u e W?(Bi/ 2 ) and 

II“IIw2(Bi/ 2) ^ W(ll/llLp(Bi) + I|m|ILp(Bi))/ 

where N depends only on d, v, p, and cOa- In particular, ifp > d, it holds that 
[Du]y:By 2 ^ ^f(ll/llLp(Bi) + I|m||Lp(Bi)), 

where y = 1 - dip. 

Proof. The first assertion follows from the main result of ID by a standard lo¬ 
calization argument. The second assertion is a consequence of the first one, the 
Sobolev embedding theorem, and a bootstrap argument to successively improve 
the integrability. ■ 

Here is a counterpart of Lemma [3 .43 1 for divergence form equations. 

Lemma 3.44. Assume that a = [ad] are continuous with respect to (x^,.. with a 

modulus of continuity cOg. 

(i) Let p e (l,oo). Assume that u e Wp(Bi) and satisfies Dfa^Dju) = div/ in Bj, 
where f = (/^,.. .,/“*) e Lp(Bi). Then we have 

II“IIw 1(B„2) ^ ■^^(ll/llh(Bi) + ll"llh(Bi))' 

where N depends only on d, v, p, and cOa. 

(ii) If in addition f e Lp{Bi)for some p e (p, oo), then we have u e Wl(Bi/ 2 ) and 

II“IIw;(b,/ 2) ^ lV(ll/llLp(Bi) + l|w|lLp(Bi)), 

where N depends only on d, v, p, and cOa. In particular, ifp > d, it holds that 

[u]y;Bi/2 < N(||/||lp(Bi) + MlpiBi)) , 

where y = 1 - d/p. 

Proof. The proof is similar to that of Lemma 13.431 by appealing to Theorem 
2 . 2 ]. ■ 

Now, we turn to the proof of the theorem. We begin with assertion (i). We take a 
point xq e B 1/2 and r,Re (0,1/4) such that 0 < r < R/8. Let C ^ C”(Bi) be a smooth 
cut-off fimction such that 0 < C ^ 1 in Bi, C = 1 in B 1 / 2 , and C = 0 in Bj \ B 2 / 3 . Define 

dd(x) = C((x - xo)/R)ad(xQ,x") + (l - C{{x - xo)/R)) 6 , 7 . 

Observe that ad are continuous with respect to (x^,..., x‘^~^) in B 2 r/ 3 (xo) and con¬ 
tinuous (with respect to x) in Br(xo) \ B 2 r/ 3 (xo). By Lemma 15.421 there is a unique 
solution w e Wp(BR(xo)) of the equation 

ddDijW = /(x) - /(xg,x") + (fl'^(xg,x") - ad{x))DijU 
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in Br(xo) with the zero Dirichlet boundary data. It is crucial to observe that the 
modulus of continuity of a = a‘i only improves under the affine transformation of 
Br(xo) to Bi as B < 1. Therefore, we have an estimate 

\\DM\l,{Br{xo)) ^ N ||/(x) - /(Xo,x") + (fl'^(Xo,x") - 

< I|D2m|Il,(8.(.„)) (3.45) 

with a constant N = N(d, p, v, coa) that is independent of Re (0,1 /4). 

Since ad(x) - a‘J(Xg,x") in Br/ 2 (xo), it is easily seen that v := u -zv e Wp(BR(xo)) 
satisfies 

a'’{x'f^,x")DijV = f{xQ,x") in Br/ 2 (xo). (3.46) 

Note that both ad{xQ,x") and /(Xg,x") are independent of x'. By mollification 
with respect to x', without loss of generality, we may assume that v := e 
Wp(BR/4(xo)). By differentiating (13.46b with respect to x', we see that v satisfies 

a'>{xQ,x'')DijV = 0 in Br/4(xo). 

Clearly, the equation above still holds with 


v:=v- - {x' - x'fj){DiV)B„nixo) 

in place of v. 

Take any y e {5,1). By applying Lemma 13.431 with a scaling (the modulus of 
continuity only improves!) and the Poincare inequality, we get (cf. Il3.41b above) 

r \Dv - {Dv)B,{xo)f dx <n(^] f \Dv - {Dv)B^i,(xo)f dx. (3.47) 
Jb,{xo) 'r'C'' JBr/4(xo) 

By Il3.45b and (13.47b , we reach (cf. (13.29b above) 


f I 

JBrixo) 


[DDi-m - {DD^,u)b,{xo)\ dx 


<N f I 
Jb,(xo) 


\DDx'V - {DDx'V)b,(xo)( dx + N I \DDx'ivf dx 

Jb,(xo) 

— f [DDj/U — {DDx'U)bi^/^(xo)\ dx 

JBR,i(xo) 

(3.48) 

By Lemma [3.22i we infer from ( 13.48b that, for all 0 < r < 1/32 we have 


f 

^yBrixo) 


iDDx'U - {DDx'U)b,(xo)\ dx 




I 


\DDrur dx+ [/t. ^ 


Bi/uixo) 


x’,6;Bi 






Therefore, we obtain (12.13b by Campanato's theorem. This completes the proof of 
assertion (i). 
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The proof of assertion (ii) is similar, and actually simpler. We give the details for 
the completeness. We take a point xq e B 1/2 and r,Re (0,1 /4) such that 0 < r < R/4. 
Let w e W 2 (Br(xo)) be the weak solution of the equation 

Di (Xg, x'')DjW^ = div (/(x) - /(Xg, x")^ + D/ (ja’’ (Xg, x") - a'’{xfj Dju^ 

in Br(xo) with the Dirichlet boundary condition ip = 0 on dBR(xo). By the classical 
L 2 estimate for divergence form equations and Holder's inequality, we have 

\\DM\l 2 {Br{xo)) < N ||/(x) - /(Xg,x") + (fl'^(Xg,x") - 

where N depends only on d, p, and v. It is easily seen that v := u- zv e W 2 (Br(xo)) 
satisfies 

D; (fl'^(Xg,x")Dyz;) = div/(xg,x") in Br(xo). (3.50) 

By mollification with respect to x', without loss of generalify, we may assume fhat 
V := Dx'V e Wp(BR/ 2 (xo)). By differentiating II3.50II with respect to x', we see that v 
satisfies 

Di(a'’{x'f^,x")Djv) = 0 in Br/ 2 (xo). 

Clearly, the equation above still holds with 

v:=v- {v)b^/ 2 {xo) 

in place of v. Take any y e (6,1). By applying Lemma 13.441 wifh a scaling (fhe 
modulus of continuify only improves!) and the Poincare inequality, we get (cf. 
Il3.41b above) 


I - (^)B,(x„)f dx= I \v- (p)b,(x„)|^ dx 

JBr(xo) dB,(xo) 




iy; Bb/4(xo) 


<N 


(^ri 


Br/2{Xo) 


d+2.y 

I 

Br/2{Xo) 

^ - (^)BB/2(x„)f dx 


in 


\vf dx 


(3.51) 


Then, similar to (13.29b . we get from (13.49b and (13.51b fhat 

. \d+2.y 


f I 

Jb,{xo) 


- (DjuOb,(xo)| dx<N 


Y ^d+ly n 

Jbb 

+ NR‘^^^{ 


\D:,rU - {DrU)B„(xo)\ dx 

tBjj(xo) 

By Lemma 13.221 and (13.52b . for all0<r<l/16 we have 


). (3.52) 


f 

Jb,(xo) 


(D,v-M)Bq;,„)| dx 


< Nj^+25 


I 


6i/4(^o) 


|Dv“l + [/]i',6;Bi ' l“J,x',6;Bill-^“llLp(Bi) 


+ [<5;bJ|Dm|I? 

Therefore, by Campanafo's fheorem, we gef (12.14b . The fheorem is proved. 
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3.5. Remarks on equations with lower-order terms. In this subsection, we illus¬ 
trate how to extend the results in Section|2]to operators with lower-order terms in 
non-divergence form 

Lu := a‘^{x)DijU + b'{x)DiU + c{x)u, 

and in divergence form 

£.u := Di{a'>{x)DjU + b'{x)u) + b‘{x)DiU + c{x)u, 

where fhe lower-order coefficienfs are bounded and measurable, which satisfies 
\b'\, \b'\, |c| < K for some K > 0. As in the classical Schauder theory, the idea is to 
move lower-order terms to the right-hand side. However, because we only have 
estimates of partial Holder norms, fhe argument here is a bit more involved. 

Theorem l2.2l (iil still holds if we assume, for insfance, b = [V] are independent of 
x', and c e Cj,. In this case, by using the Krylov-Safonov estimate and the method 
of the finite difference quotients, it is easily seen that u e C*, (By) for any r e (0,1), so 
one can move the zeroth-order term cu to the right-hand of the equation. Because 
b are independent of x' and in the proof xr < 1, the first-order term in the equation 
does not cause any trouble. 

In the same fashion. Theorem 12.21 (iii) can be exfended to the case when b are 
independent of x', and b = [b'] e C^,. Moreover, we can add e Tp(Bi) fo the 
right-hand side of the equation, where p = d/{l - 6). To see this, first the term cu 
can be absorbed to g. Now let iv e Wp(Bi) be the unique solution to the equation 
Aiv = ^ in Bi with the zero Dirichlet boundary condition on dBi. Then by the 
classical estimate and the Sobolev embedding theorem, we have 

[Dzv]i,-,By < N||zi;||w2(Bi) < N||^||q(Bi), 

so we can rewrite the right-hand side as div(/ -i- Viu). Similar to the reasoning 
above, we have u e C*, (By) for any r e (0,1). Thus the term Di{¥u) can be absorbed 
to the right-hand side as well. 

In Theorem l2.6l (i) , we may assume that b. c e C^,. Indeed, since l-d/p > 6-dlp > 
S, by the Sobolev embedding theorem, we have Du, u e C^(Bi). Therefore, we can 
move fhe lower-order ferms to the right-hand side. Theorem l2.6l tiil can be extended 
to the case when b e Cj, with an additional term g e Lp(Bi) on the right-hand side. 
By the Sobolev embedding theorem, u e C^(Bi). Thus, bhi can be absorbed to /, 
and VDu + cu can be absorbed to g. The same extension can be carried out in 
Theorems 12.101 and 12.121 

4. Main results for parabolic equations 
In this section, we consider parabolic operators in non-divergence form 

Pu := Uf - a'^{t,x)DijU (4.1) 

and in divergence form 

Pu --lit- Di{a‘’{t, x)Dju) (4.2) 

where f e IR and x = (x',x") e R'^. Here, we assume the coefficients ad(t,x) are 
bounded measurable functions on R'^'*'^ and satisfy the uniform ellipticity condition 

v|5|2 < a'i{t, x)^^’ < V(f, x) e -5 e R^ (4.3) 
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for some constant v e (0,1]. As in the elliptic case we assume the symmetry of 
the coefficients for the non-divergence form operators P but for the operators 'P in 
divergence form, we instead assume that ^ for all (t,x) e 

For a function u(t,x) = u{t,x',x") on Q c R‘^'^^, we define a partial Holder 
semi-norm with respect to x' as 


[m].V,6;Q 


sup 

x'+y' 


\u{t,x',x'') - u{t,y',x")\ 
\x' - y' p 


Similarly, we define the partial Holder semi-norm with respect to f as 


[wjfAQ 


:= sup 

(t,x),{s,x)€Q 

ti^s 


\u{t,x) - u{s,x)\ 


and the partial Holder semi-norms with respect to z' := (t, x') as 
[M]z',a/2,6;Q := [M]t,6/2;Q + [m].V, 6;Q/ [M]z',(l+a)/2,l+6;Q “ [w]f,(l+a)/2;Q + [Dx'M]z',a/2,a;Q- 


It should be made clear that the above definitions for [M]z',a/ 2 ,a;Q and [M]z',(i+a)/ 2 ,i+a;Q 
are equivalent to those defined in |3 with Q = Other related definitions 

such as [u]^',k+6;Q> [w]f,;c+a;Q, and [M]z',(;c+a)/ 2 ,;c+a;Q {k = 0,1,2,...) are accordingly 
extended to functions u = u{t,x) on Q. The function spaces Cj)'^(Q), C^^^{Q), and 
£(k+ 6 )/ 2 ,k+ 6 are defined accordingly for Ic = 0,1,2,.... 

We say that u e Wp'^(Q) for some p > 1 if w and its weak derivatives Du, D^u, 
and Ut are in Tp(Q). For p e (1, oo), we say that u e is a strong solution of 

Pu = / if M satisfies the equation Pu = f a.e. 

We also denote H“^(Q) to be the space consisting of all functions u satisfying 

inf jll^llh(Q) + ■■ u = divg + h]<oo. 

It is easy to see that H“^(Q) is a Banach space. Naturally, for any u e H“^(Q), we 
define the norm 

l|w|lH-hQ) = inf j 11^1 iLp(Q) + \\h\\L,(Q) ■. U = divg + h]. 

We also define 

<Ki(Q) = {u:u,Due L,{Q), m e H-i(Q)j. 

Finally, for z = (f,x) e and p > 0, let Qp(z) = (f - p^,t) x Bp{x) and dpQp{z) be 
its parabolic boundary. We write Qr = Qr(0) for simplicity. The next theorem is a 
parabolic counterpart of Theorem l2.2l Hereafter, we denote 

r;5+i := (-00,0) xR'^. 


Theorem 4.4. (i) Let u e ® bounded strong solution of the equation 

Pu = f in 

Ifa = [fl'i] are independent ofx' and f e C*,(Rg'^^), then u e C^)'®(Rq'^^) and there 
is a constant N = N{d, q, 6, v) such that 


[u],, 

,2+6;R;'+i ^ ^U]x', 6;TRf^ ■ 
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Ifa = [a'>\ are independent oft and f e then u e and there 

is a constant N = N{d, q, 5, v) such that 

(ii) Let u e ® bounded strong solution of the equation 

Pu = / in Qi. 

If a = [a'!] are independent ofx' and f e Cf{Qi), then u e C^^^(Qi/ 2 ) and there is a 
constant N = N{d, q, b, v) such that 

[M].r',2+fl;Qi/2 ^ ([/]x',6;Qi + |w|o;Qi) ■ 

Ifa = [«'■'] are independent oft and f e C^/^{Q\), then u e and there is 

a constant N = N{d, q, 6, v) such that 

Mf,1+6/2 ;Qi/ 2 ^ W([/]w/2;Qi + |m|o;Qi) • 

(Hi) Let u e be a bounded weak solution of the equation 

Pu = div/ in Qi. 

If a = [a'i] are independent ofx' and f e Cj,(Qi), then u e C^,'^'^(Qi/ 2 ) and there is a 
constant N = N{d, q, b, v) such that 

[w]xM+ 6 ;Qi /2 ^ J^([/]x', 6 ;Qi + |w|o;Qi) • 

Ifa- [ab] are independent of t and f e C^/^{Q\), then u e and there 

is a constant N = N{d, q, b, v) such that 

[M]f,(l+ 6 )/ 2 ;Qi /2 ^N{[f] f, 6 / 2 ;Qi + |m| 0 ;Qi) ■ 

We note that Theorem 14.41 (h is an improvement of O Theorem 2.13], where 
continuity of the coefficients was assumed. By using an interpolation inequality 
in Lemma l6Tl Theorem l4.4l (il also provides an improvement of [S] Theorem 2.15]. 
For the sake of record, we state it as a corollary. It should be also noted that the 
same can be said to other results in this section regarding estimates for [m]^/. 

Corollary 4.5. Let u e ® bounded strong solution of the equation 

Pu = f in 

Ifa = [a'i] are independent ofz' and f e then u e and there 

is a constant N = N{d, q, b, v) such that 

[u] 

z',l+a/ 2 , 2 +a;R;]+' ^ ^[/]z',a/ 2 ,a;R;]+'- 

Next we consider parabolic equations in non-divergence form J4.1b and in di¬ 
vergence form J4.2II with coefficients depending on all the variables. 

Theorem 4.6. Let b e (0,1] and p e (d + 2, oo) be such that b - (d + 2)lp > 0. Then, 
there exists a constant bo = bo{d,v) > 0 such that the following assertions hold with any 
b e (0,6o) satisfying b < b - (d + 2)Ip. 
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(i) Let u e Wp'^(Qi) be a strong solution of the equation 

Pu = f in Qi. 

Ifa= are 5-Holder continuous in x' and f e C^,(Qi)/ then D^,u e C^^^'*(Qi/ 2 ) 
and there is a constant N = N{d, q, v, 5, p) such that 

iDlu]g/2,6:Qy. ^ W([/]xL 6;Q> + (l + I|D^“IIl,(Qo) ■ (4-7) 

Ifa = [ad] are 6/2-Holder continuous in t and f e cf^{Qi), then iq e C^^^'^(Qi/ 2 ) 
and there is a constant N = N{d, v, 5, p) such that 

[“']6/2,6;Qi/2 - ^(t/]f,6/2;Qi + II/IIli(Qi) + (l + [«]W2;Qi) I|D^m|ILp(Qi)) ■ (4.8) 

(ii) Let u e 9Lp{Qi) be a weak solution of the equation 

'Pu = div/ in Qi. 

Ifa- [ad] are 6-Holder continuous in x' and f e C^,(Qi), then Dx'U e C®^^'*(Qi/ 2 ) 
and there is a constant N = N{d, q, v, 6, p) such that 

[^x'U]s/2,S;Qi/2 - • (4-9) 

Ifa = [ad] are 6/2-Holder continuous in t and f e cf^{Qi), then u e 
and there is a constant N = N{d, v, 6, p) such that 

[“]f,(l+6)/2;Qi/2 - ^([/]f,672;Qi + ll/lll.i(Qi) + (^ + [«]w/2;Qi) l|D“llLp((3i)) ■ (4.10) 

For (14. lot , the condition 6 e (0,6o) is not needed. 

Theorem 4.11. Let 6 e (0,1] and p e (d + 2, oo) be such that 6 := 6 - {d 2)/p > 0. 
Assume that a = [ad] are uniformly continuous in (t, x^,..., x‘^~^) and merely measurable 
in x^. Let coa denote a modulus of continuity of a = [ad] with respect to {t, x^,..., x'^~^). 

(i) Let u e Wp'^(Qi) be a strong solution of the equation 

Pu = f in Qi. 

If a = [ad] are 6-Holder continuous in x' and f e C®,(Qi), then we have Dx'U e 
(-(i+6 )/2 ,i+5^Qj^2 ^ t/zere is a constant N depending on d, p, 6, v, and Wa, such that 

[^^'“](1+6)/2,1+6 ;Qi/2 - ^Qi l|D^w|lLp(Qi)) . (4.12) 

Ifa = [ad] are 5/2-Holder continuous in t and f e Cf^{Qi), then ut e C^^^'^(Qi/ 2 ) 
and there is a constant N depending on d, p, 6, v, and coa, such that 

[“»]672,6;Qi/ 2 - ^([/]w2;Qi + ll/lli.i(Qi) + (^ + [«]W2;Qi) \\D^u\\l^{Qi)) ■ (4.13) 

(ii) Let u e '71p(Qi) be a weak solution of the equation 

Pu = div/ in Qi. 

Ifa= [ad] are 5-Holder continuous in x' and f e C^,(Qi), then Dx'U e C®^^'*(Qi/ 2 ) 
and there is a constant N depending on d, p, 6, v, and cOa, such that 

[Dx'U]$/ 2 ,S;Qii 2 — ^([/I'c',6;Qi [®].v',6;Qi) I|Dm||Lp(Qi)) . 
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Remark 4.14. In Theorem 14.111 we may assume that a') are uniformly continuous 
in X instead of (f, x^,x'^~^). All thaf is needed is solvability of fhe equation, 
and as such this condition can be relaxed to the vanishing mean oscillation (VMO) 
condition or partially VMO condition; see, for instance, flTl and IS). 

5. The proofs: Parabolic estimates 

5.1. Proof of Theorem l4.4l The proof is similar to that of Theorem l2.2l and only mi¬ 
nor adjusfments are needed. We begin wifh proving asserfion (i). We consider the 
both cases (i.e., the cases when a are independent of either x' or f) simultaneously. 

For a function v defined on and £ > 0, we define a partial mollification of 
V wifh respect to x' as 

f5"(f,x',j") := f v{t,x'-ey',x'%{y')dy' 
and a partial mollification with respect to t as 

X oo 

{2v{t - e^s, x) - v{t - le^s, x)^i]{s -l)ds, 

where rj and C are as defined in Section ITT] The above definition enables us to 
obtain an analogue of Lemma |3^ In particular, we have 

|z;{zo) - f5"(zo)| < Ns^^^[v]t,i+r,/2-,QAz„)- 

Nofations regarding partial Taylor polynomials such as P, v and are defined in 
an obvious way. Similar fo fhe proof of Theorem lZ2l we may assume u e C^,'''^(]Rg'''^) 

(resp. u e ) and let = [dl\ be a sequence of coefficients that are 

continuous, independent of x' (resp. independenf of f), satisfy I I4.3II , and ^ a 
a.e. as w —> oo. Let P„ be the corresponding operator with in place of a. Then 

P„u = /„, where fn=f- - a‘>)DijU. 

Let K > 2 be a number to be chosen later. Then, we have for any r > 0, 

= fT, 

where u‘^ is a partial mollification with respect to x' (resp. with respect to f). Let 
Qr = Qr(zo), where Zq is a point in and let a;(= a;„) e C°(Q^r) 

be a unique solution of the problem (see l25l Theorem 7.17]) 

( P„w = 0 in Q^r, 

\ W = M - on dpQ^r- 

By the ABP maximum principle and an analogue of Lemma [3.2l (iiL we obtain 
sup \w\ = sup |w| < N{Krf^^[u]^, 2 + 5 -, (resp. < N{Krf^%]t i+ 5 / 2 ;Rf i)- (5.1) 

Q.. 4Q.r 

By the Krylov-Safonov theorem, w e C*"^'^^'®“(QKr) for some 60 - 5o{d,v) e (0,1). 

Since d,l are independent of x' (resp. independent of f), for any integer j > 0, there 
is a constant N = N{d, q, v, j) such that we have (cf. (13.511 1 

|D>Io;Q „,2 < N (Kr)->|o;Q„ ( resp. < N (Kr)-^’\w\o.,Q ^^) (5.2) 
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Notice that Taylor's formula yields (see fl^ Theorem 8.6.1]) 

\io - fl,w\o:Qr < Nr^\Dl,iv\o:Qr ( resp. \iv - f]^w\o;Q^ < Nr'‘|D^zi 7 |o;Q, ). (5.3) 

Then we obtain from II5.3II , d5.2b , and llS.lb 

I® - ^ ^fK“Vl 0 ;Q„ < 2 + 6 ;R 2 +i- 

( resp. \u> - h;|o;q, < Nk“^|w|o;q„ < ). 

On fhe other hand, v := u - - iv satisfies 

I P„V = fn- /^r in Qkt, 

I Z 7 = 0 on dpQ^r- 

Therefore, we have (similar fo the derivation of (I3.7b l 

\u - u^'' - a;|o;Q,, < + NE ( resp. < N(Kr)^''^[/]t )/ 

where we set E = ||(fl](-fl'-')D,yM||L^^j(Q 2 ^^), which tends to zero as n ^ oo by dominated 
convergence theorem. Also, similar to (13.8b . we get 

\U«'- - < Nk^-V-'^[m]^,_2+5;1r^«. 

( resp. - TIu'^\q, < NK*“^''^^^[M]u+ 6 / 2 ;Rr- ) 

Take p = T^.w + (resp. p - Tj^w + t]EP’'). Then similar to (13.9b . we have 

1“ - Plo;Q,(z„) < 

( resp. \u - p|o;Q,(z„) < NK®“^''^'"'^[w]f,l+a/ 2 ;Rfi + ^f(Kf)^'"'^[/]f, 6 / 2 ;R^« + ^E. ) 

Letting n ^ oo, this implies 

r“ 2 -^ irh|w - p|o;Q,(zo) < NK^~Huh', 2 + 5 :Rf;^ + 

p€P 2 " “ 

(resp. r- 2 -* ^nf |m - plo;Q,(z„) < NK‘ 5 “^[M]f,i+ 6 / 2 ;Rg-' + 

for any zq e and r > 0. We take the supremum of fhe above with respect to 
Zo e and r > 0 , and then apply IfTSl Theorem 3.3.1] to get 

[“L',2+6;R;'+* < Nk^ ^[“].r',2+6;R;(+' + • 

(resp. [M]f,i+ 5 / 2 ;Rj+i <Nk^ ^[w]t,l+a/ 2 ;R;]+' + ^^^^'^[/]f,a/ 2 ;R;(+'- ) 

To finish fhe proof of assertion (i), if suffices fo choose a large k such fhat Nk^~^ < 
Ijl. This completes the proof of assertion (i). 

Assertion (ii) then follows by combining fhe proof of assertion (i) with that of 
Theorem l2.2l (iil (with cylinders in place of balls). Finally, assertion (iii) is obtained 
similarly by a minor modification of fhe proof above (cf. |3 Theorem 2.16]). We 
leave fhe details to the interested reader. The theorem is proved. ■ 
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5.2. Proof of Theorem l4.6l The following lemma is a parabolic version of Lemma 
13.151 the proof of which can be found in ifT^ Corollary 4.2] and IZl Lemma 5.5]. 


Lemma 5.4. Let iv e W]+j(Qr) be a function such that zv = 0 on dpQ^. Then there are 
constants e e (0,1] and N, depending only on d and v, such that we have 


i 


ID^wj^^dxdt < N T IPwp'^^dxdt 


^Qr 


\£/(rf+l) 




5.2.1. Proof of assertion (i). Similar to the proof of Theorem 12.61 we may assume 
that Dfu e C'^^^'®(Qi/ 2 ) (resp. ut e C*^^'*(Qi/ 2 )). Moreover, we can find a sequence 
of continuous coefficients a„ = [a^], which are 6-H6lder continuous in x' (resp. 
6/2-H6lder continuous in t) with [fl„]x',6 < [fl]x',6 (resp. [nn]i, 6/2 ^ satisfy 

dot . and —> a a.e. as n —> oo. Let P„ be the corresponding operator with in 
place of a. Then we have 


PnU = fn, where fn=f- {cin - ab)DijU. 


We take a point Zq e Q 1/2 and r,R e (0,1/4) such that 0 < r < R/A. By the classical 
W^^j solvability for parabolic equations with continuous coefficients, there is a 
unique solution w e W];^j(Qr(zo)) of the equation 

Wt - dl(t,x'f^,x")DijW = fn- /(t,Xo,x") - {d^{t,XQ,x") - dl') D^jU 

( resp. Wt - dl (to, x)Dip = fn- /(to, x) - [fi (to, - dj^ DtjU ) 

in Qr(zo) with zero Dirichlet boundary value on (^pQr(zo). Thanks to Lemma [5.41 
we have (similar to the derivation of ||3.17| |) 


X 


Qr^o) 


and, respectively. 


< ]V]^rf+2-drf+2)/(d+l)||y^^ _ yii 


C+i(Qr(Zo)) 

+ + jy^d+2+q6-(rf+2)/p)j^]£ ||p2j^||£ 


DQr(zo) 

where N = N{d,v). It is easily seen that v := u-w e W^;^j(Qr(zo)) satisfies 

Vt - dJ ^{ t , Xg , x'')DijV = f { t , Xg , x '') in Qr(zo). 

(resp. Vt - dl { tQ , x)DijV = f { tQ , x ) in Qr(zo). ) (5.5) 

Without loss of generality, we may assume that v is smooth with respect to x ' (resp. 
with respect to f). By differentiating I I5.5II with respect to x ' twice (resp. with respect 
to t once), we see that v := Dfv (resp. v := Vt ) satisfies 

Vt-dl(t,x'^,x'')DijV = Q {^resp. Vt-d^{to,x)DijV = 0^ in Qr/ 2 (zo). 
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Clearly, for any constant c e IR, the same equation is satisfied hy v '.= v - cm place 
of V. By applying the Krylov-Safonov estimate, we get 

r 1^ - (^)Qdzo)r = r ^ 

uQ,(zo) 'JQA^a) 



M \d+2+£6Q r / ■ 

y \ii+2+£6o 

<n(- 

? r = N- 

? 10-cr. 

\l 

jQRni^o) 

JQrIi(zo) 


for some 6o = 6o(d, v) > 0. We set (D^,m = DijU for f,;' = 1,..., q) 

rf)(zo,r) := inf I |D^,u - c|^ ( resp. (p{zo,r) inf I |Mt - c|^). 

Then, we get (similar to the derivation of (I3.21H 

( -y \d+2+£5Q 

-j (p{xo,R) 

and, respectively, 

( y \d+2+£5Q 

-j (p{zo,R) 

By Lemma 13.221 we get from II5.6II and (15.7t . respectively, that for any zq e Q 1/2 and 
any r e (0,1/16), there is a constant Czf,,r such that (cf. (I3.24b l 

|Di« - wl' S (pi;, a + (1 + PtAo.) IID^«llt,e.,) 

and, respectively, 

|«, - wl* ^ N''*^*'* (pijfeo, + ll/lli,,e., + (1 + [»Iw/2,Q.) IID^"llt(e.)) ■ 

Here, we used 

sup [(p(zo, r) : Zo e Q 1 / 2 , 0 < r < 1/16} < ( resp. < ) 

and 

ll“<lli-i(Qi) ^ W||D^w|Ili(Qi) + II/IIli(Qi)- 

Therefore, we obtain (14.7b and (14.8b from the above inequalities combined with 
Lemma [6.141 This completes the proof of assertion (i). ■ 

5.2.2. Proof of assertion (ii). We first consider the case when a is 6-H6lder continuous 
in x' and / e Cj,(Qi). Take a point Zq e Q 1/2 and denote 

'Pqu = Ut - Di (a'ft,XQ,x'')DjU^. 

Then we have 

Pqu - divf- Di (^(a'ft,XQ,x") - a'’)DjU^. 
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Take r,Re (0,1/4) such that 0 < r < R/4. Let w e ‘/^^(Qr/zo)) be the weak solution 
of the equation 

PqW - div(/ - /(f,x'g,x")) - D; - a‘>)Djuj 


in Qr(zo) with the zero Dirichlet boundary condition on dpQR(zo). By using the 
energy inequality, we have, similar to Il3.25b . that 


r \Dzv\^dxdt<N r f - f(t,Xg,x") - (a'^(t,Xg,x") - a'^) Dj 
JQr(zo) Jqr(zo) ^ 


dxdt 


< NlR‘ 


jd+2+25rrn2 




where N = N{d,v). It is easily seen that v := n - w e ^d^iQRi^o)) satisfies 

= div/(f,XQ,x") in Qr(zo). (5.8) 

Without loss of generality, we may assume that v is smooth with respect to x'. By 
differentiating I l5.8b with respect to x', we see that v '.= Dx'V satisfies 

Pov = 0 in Qr/ 2 (zo). 


Clearly, the above equation is still satisfied by 0 := v - (0)qr(zo) in place of v. 
Therefore, by applying the De Giorgi-Nash-Moser estimate, we get 


( I® - (®)Q,(zo)r = I 

JQAzo) JQr 

I r\ 

^Hk) 


(Zo) 
rf+2+26o 


l0-(0)Q,(z„)r<Nr^^2+26„[g]: 


6 o/ 2 , 6 o;Qr/ 4 ( 2 o) 


f / 

dQji/2(zo) JQ 


Qs/2(Zo) 


F - (^)qr(zo) 


where do = 5o(n,v) > 0 is the Holder exponent appearing in the De Giorgi-Nash- 
Moser estimate. Then, we obtain (similar to the derivation of I I3.29II ) 


C* [ ^ \rf+2+26o G 2 

I |Dt'U — (Dj;'M)q^(z„)| <N( —I I |Dx'M — (D,v'U)qjj(z(,)| 

dQ,(zo) dQs(zo) 

By Lemma r3.22[ we infer from II5.9II that, for all 0 < r < 1/16, we have (cf. (13.3011 1 

X (zo) ^ ^ ■ (5-10) 

Then we get ( 14.91 1 from dS.lOII by Campanato's theorem. 

Next, we consider the case when a is 6/2-Holder continuous in t and / e C* (Qi). 
We use the idea in the proofs of Theorems l2.2l and l4.4l Let us momentarily assume 
that u e Let be a partial mollification with respect to t as defined in 

Section IST] 

For n = 1,2,..., denote r„ = 3/4 - 2“"“^ and = Qr„. Now we fix a point 
Zo e Let k > 2 be a number to be fixed later. For any r < 2“"“^/k, we have 
QiKrizo) c Denote 

Pqu = ut- Di{a'^{tQ,x)DjU^. 
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(5.12) 


Let w e be a weak solution of the problem 

( ^oW = 0 in Q^rizo), 

\w = u-u'^^ on dpQ^rizo). 

By the weak maximum principle, similar to lIS.lIl we obtain 

sup N = sup N < N(Kr)^'"^[u]^i^g-)/ 2 ;QC'n)- (5-11) 

Qicr(2^o) ^pQ,Kr{^o) 

Then similar to II5.2II and (15.3b . we have 

|Dt®lo;Q„/ 2 (zo) < N (Kr)-2|w|o;Q„(,„), \w - T° k;|o;q,(z„) < Nr2|DtZi;|o;Q,(zo). 

We obtain from ( 15.12b and (15.11b that 

T’f>l0;Q,(z„) < Nk-^\w\o-,Q„(z„) < NK‘5“^?-^''^[M]t,(l+5)/2;Q<"n)- 

On the other hand, v := u - - zv satisfies 

I Tov = div(^ - in QKr{zo), 

\ u = 0 on dpQKr(zo), 

where 

g = {g\ ■■■^g^) and g' = /' + (a’’ - fl'^(fo,x)) DjU. 

Therefore, by the De Giorgi-Nash-Moser estimate, we have 

\u - u'^'’ - w|o;Q„(zo) < - a'i{to,x))DjU 

< N{Krrhf\s/2:Q^ + 

< N(Kr)^'^®([/]f g/2;Qi + Ww2;QiI|Dm|ILp(Qi))- 
Also, similar to (13.8b . we get 

|~Kr _ < Nk^ ^''^^*^[“]t,(l+5)/2;Q("'+')- 

Taking p -T^^zv + we have 

r ^|m - p|o;Q,(zo) ^ [“]f,(l+ 6 )/ 2 ;Q("+') + Mk ^ ([/]{ 5 / 2 ;Qj + [^]f, 6 / 2 ;Qil|DM||i,p(Qj)^ . 

On the other hand, for any r e (2 “"“^/k, 1/4), we have 


i^piQlKri^o)) 


^-1-5 


inf |M-p|o;Q,(z„) < r ‘’|m|o;q,(z„) < (2"+'^k)^'"®|m|o;Qi, 
pePo 


where Pq denofes the set of zeroth-order partial polynomials in t. Combining the 
two inequality above, we get similar to (13.13b that 

[“]f,(l+a)/2;Q('') ^[“]f,(l+a)/2;Q(''+l) 

+ NK^"^([f]t,S/2;Qr + WLa/2;Qj|DM|k^(Qq) +N(2-\)1 "^|«|o;Q,. 
By choosing k sufficiently large and following the proof of (13.14b . we obfain 

[w]f,(i+a')/ 2 ;Qi /2 - ^{lfh, 5 / 2 ;Qi + [“]w/2;QiII11“IIg(Qi) l“lo;Qi)- 
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To estimate the last term on the right-hand side above, we note that by subtracting 
a constant we may assume that L u - 0. It then follows from a variant of the 
parabolic Poincare inequality (cf. (l6l Lemma 4.2.1]) that 

ll“llh(Qi) - ^ll/llh(Qi) +^^IIDm||lp(Qi). 

Using the equation, we further get 

- ^ll/llh(Qi) + ^f||DM||Lp(Qi), 

which together with the parabolic Sobolev embedding theorem yields 
|m|0;Qi < J^(|I/IIli(Qi) + I|Dw|ILp(Qi)) • 

To remove the smoothness condition that u e we apply the mollification 

argument (with respect to f) as in the proof of Theorem 2.6 (i). ■ 

5.3. Proof of Theorem 14.111 For the proof of the theorem, we need the following 
three lemmas, which are parabolic coimterparts of Lemmas l3.42l - l3.44l 


Lemma 5.13. Let p e (1, oo) be a constant. Assume that a = [a'i] are continuous with 
respect to {t,x^,... in Q 2/3 u^ith a modulus of continuity oJa and continuous in 

Qi \ Q 2/3 ^ith a modulus of continuity Wa- Then for any f e Lp(Qi), there is a unique 
strong solution u e Wp'^(Qi) to the equation iq - a'iDijU = / in Qi with the Dirichlet 
boundary condition u = Oon dpQi. Moreover, we have 

where N depends only on d, p, v, coa, and a>a. 

Proof. Similar to Lemma I3.42[ the lemma is a consequence of the a priori interior 
Wp'^ estimates proved in llTSl ISl for parabolic equations with coefficients measurable 
in one spatial direction together with the classical boimdary estimates for 
parabolic equations wifh continuous coefficients. ■ 

The following lemma is the parabolic analogy of Lemma 13.431 which is also a 
consequence of the main results in ||8|. 

Lemma 5.14. Assume that a = [a'l] are continuous with respect to (f,x^,.. with 

a modidus of continuity cOg. 

(i) Let p e (1, 00). Assume that u e Wp'^(Qi) and satisfies iq - a'iDijU = f in Qi, inhere 
f e Lp(Qi). Then we have 

where N depends only on d, v, p, and cOa. 

(ii) If in addition f e Lp{Qi)for some p e {p, 00), then we have u e WJ'^(Qi/ 2 ) and 

where N depends only on d, v, p, and cOa. In particular, iff > {d + 2)/2, it holds that 

My/ 2 ,r;Qi /2 ^ n(||/||l p(Qi) + I|m|ILp(Qi)), 
where y - 2 - {d + 2)/p. Ifp>d + 2,it holds that 

[Du]y/2,r,Qy2 < n(||/IIl p(Qi) + I|m|ILp(Qi)), 
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where y = 1 - {d + 2) Ip. 

The next lemma is the parabolic analogy of Lemma 13.441 which follows from 
the main results in Ill- 

Lemma 5.15. Assume that a = [a'>] are continuous with respect to (f, x^,..x^~^) with 
a modulus of continuity coa- 

(i) Let p e (l,oo). Assume that u e ‘/fp(Qi) and satisfies ut - Dfa'iDju) = div/ in 
Qi, where f = (/^,.. .,f‘^) e Lp(Qi). Then we have 

where N depends only on d, v, p, and cja- 

(ii) If in addition f e Lp(Qi)for some p e (p, oo), then we have u e 'HJ(Qi/ 2 ) and 

p(Qi) + II«IImqi))' 

where N depends only on d, v, p, and cOa- In particular, ifp > d + 2, it holds that 

[“]}'/2,y;Qi/2 ^ w(ll/llh(Qi) ll“llh(Qi))' 

where y = 1 - {d + 2)/p. 

Now we are ready to prove the theorem. Estimate (14.131 is proved by modifying 
the proof of (14.8b using Lemmas l5.13l and l5.14l instead of Lemma lNil and the Krylov- 
Safonov estimate. Similarly, assertion (ii) can be proved by modifying the proof of 
(14.91 using Lemma rS.lSl instead of the De Giorgi-Nash-Moser estimate. 

The proof of (14.121 is slightly more involved. We are not able to directly estimate 
DDx'U — {DDx'U)q^(zo) as in the proof of Theorem 12.121 (il due to lack of a parabolic 
analogue of the Poincare inequality, which is needed to derive a counterpart of 
(13.471 . Our idea is to instead estimate {Dx'U = Dpi for z = 1,.. .,q) 

Dx'U - (Dx'U)q^(x^) - (x - Xo) • (DD.,.-m)q^(z„). 

We take a point Zq e Q 1/2 and r,R e (0,1/4) such that 0 < r < R/8. Let C e C“(Qi) 
be a smooth cut-off function such that 0 < C ^ 1 in Qi, C = 1 in Qi/ 2 / and C = 0 in 
Qi \ Q 2 / 3 - Define 

a'ft, x) = C{{t - to)/R^, (x - xo)/R) a'ft, Xg, x") + (l - C((f - k)IR^, (x - xo)/R)'j by. 

Observe that d'i are continuous with respect to (f,x^,.. .,x‘^“^) in Q 2 r/ 3 (zo) and 
continuous in Qr(zo) \ Q 2 r/ 3 (zo). By Lemma 15.131 there is a unique solution w e 
Wp'^(Qr(zo)) of the equation 

Wt - a'^DijW = f{t,x) - f{t,x'g,x") - {a'ft,x'g,x") - a'ft,x))DijU 

in Qr(zo) with zero Dirichlet boundary value on ^pQr(zo). As in the proof of 
Theorem l2.12l (i), we have 

l|aZfllLp(QR(zo)) + IID^rp||Lp(Qs(zo)) 

< i^WfiLx)- f{t,x'g,x") - {a'ft,Xg,x") - fl‘-'(f,x))DpM||Lp(QR(zo)) 

< + NRfa]x,,i,.,Q,\\DML,iQ,i.y) (5.16) 
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with a constant N = N{d, p, v, a>a) that is independent of R e (0,1/4). By ll5.16b and 
lIT^ Lemma 4.2.2], we obtain 

\\DZV - - (x - Xo) • {D^^)q^{zJ\l,{Q^{zo)) 

< \\Dw - (Dzi;)qj,(z„)||lp(Qs(zo)) + ll(^ - ^o)' (D^^)Qs(zo)llh(QRh'))) 

< ^^ 11 ^^ 1111 .^( 08 ( 70 )) + NR\\D^M\L^(QRizo)) 

< 5;Qo + (5.17) 

It is easily seen that v:= u - zv e Wp^(Qr{zo)) satisfies 

Vt-a‘i{t,Xg,x")DijV = f{t,XQ,x'') in Qr/ 2 (zo). (5.18) 

Note that both a'^(f,XQ,x") and /(t,Xg,x") are independent of x'. By mollification 
with respect to x', without loss of generality, we may assume that v := e 
Wp'^(QR/ 4 (zo)). By differentiating <5.18b with respect to x', we see that v satisfies 

Vt - Xg, x")DijV = 0 in Qr/4(zo). 

Clearly, the equation above still holds with 

v:=d- (i))q 8 / 4 (z„) - (x' - x],)(D,i))q^,,(,„) 

in place of v. Also, note that 

V:=v- (z))Qqzo) - (x' - x],)(D,I))q,(^„) =V- {v)q,(zo) - (x' - x],)(D,Z7)q^(,„) 
satisfies the same equation and we have 


(^)q4zo) =0/ DV = Dv- (D0)Qq,„). 
Therefore, by IIT^ Lemma 4.2.1] applied to V, we have 


1 


^Qr(Z 0 ) 


I® - (®)q,(zo) - (x' - x'g){Div)Q^^zo)f dxdt < Nr'P f \Dv - {Dv)Q^(^z„f dxdt. 

JqAzo) 


Take any y e (6,1). By applying Lemma [5.141 (ii) with a scaling (the modulus of 
continuity only improves!) to v, we derive from the above inequality that 

/ y \d+ 2 +p{l+y) n 

I < Nj^+ 2 +p(i+y)pg]P ^ , .<n{-] \vf dxdt 

V/2.r;Q./s(z„) \ r ) Jq8„(z„)" 


/ r \'^+2+p(i+)') r 

|^-(®)qr/ 4 (zo)-(x'-x],)(D,u)q^, 4 (z„)| dxdt. (5.19) 

d 08 M(zn) 


-^Qr/4(Zo) 


By 1 15.17b , I l5.19b , and the triangle inequality, we reach 


f 

Jqazo) 


[Dz'U {Dx'U)Q^j^zo) (x Xg)(D,Dv'U)Q^(z„)| 


<N 


j- \d+2+p(l+)') 

r) 


9 r I IP 

I \Dx’U - {R>x'U)qj^h(zo) - (x‘ - Xg)(D,Dz/U)Qj,^ 4 (z„)| 

*^Qria{^q) 




(5.20) 
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By Lemma [3.221 we infer from J5.20b that, for all 0 < r < 1/32 we have 

I [D.T'U “ (D.T'U)Qr(Zo) ~ “ ^o)(^“^Z'U)Qr(Zo)l 

-'Q.(zo) 

< r - (X‘ - xi,)(D,D,,M)Q,,,.(z„)r 

“iQi/ieCzo) 

z ([/!' ,a,) 

< ^ (1 ^ 

Therefore, we obtain (14.12b by Campanato's theorem. The theorem is proved. ■ 

6. Appendix 

The proof of Corollary 14.51 uses the following special type of interpolation in¬ 
equalities for parabolic Holder semi-norms. For the sake of completeness and 
future references, we give a sketched proof. Recall that IRq'*'^ := {-o°, 0) x IR*^. 

Lemma 6 . 1 . Let R e (0, oo), 6 e (0,1), and u e Loo(Qr). Then we have 

[u] 

z',(1+6)/2,1+6;Qj?/2 — n([u] x'M5;Qr + [M]t,(l+6)/2;QB), (6.2) 

[mJz',1+6/2,2+6; Qs/2 ^ ([m].t',2+6;Qs + [m]u+6/2;Qr + R ^ ^|w|0;Qr)/ (6.3) 

where N = N{d, 6). If in addition we assume u e Loo(]Ro'^^), then 

[m]z 1+6/2,2+6;R/+' - ^ ([“]v, 2+6;R;(+' + [“]f,l+6/2;R;(+') ' (6-4) 

Proof. We use the method of finite-difference approximations. By scaling and 
mollifications, without loss of generality, we may assume that R = 1 and u is 
infinitely differentiable in Qi with bounded derivatives. For any unit vector ^ e IR'^ 
and r > 0, we define 

A(jU{t,x) = u{t,x + rH) - u{t,x). 

Also, for any r > 0, we define 

6t,ru{t,x) = u{t,x) - u{t - r,x). 

To show (16.2b , it then suffices to prove 

[Dx'W]t,6/2;Qi < N ([m]x',1+6;Qi + [w]f,(l+6)/2;Qi) • (6.5) 

For any (ti,x), (t 2 ,x) e Q 1/2 such that -1 < t 2 < fi < 0, we denote 

r= Vh^/2e (0,1/2). 

Using Taylor's formula, for any unit vector € = {f ,t'') e IR'* such that f = 0, we 
have 

|DfM(ty,x) - AejU{tj,x)/r\ < r^[D:t'U]r,5;Qi 

for j = 1,2, and 

\AcjU{ti, x)lr - A(ju{t2, x)/r| 

= r“^|(M(ti,x -H r{) - u{t2,x + r£)) - {u{h,x) - u(t2,x))\ < 2^^‘V'’[u]tx\+6)/2-,Qi- 
Combining the two inequalities above, we get 

|D,>M(ti,x) - Deu{t2,x)\ < 2r‘''[D;t'M].V,6;Qi + 2^^^r^[u]txi+6)/2-,Qu 
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which yields (16.5b . 

For (16.3b . it suffices to show 

[D?-M]t,6/2;Qi/2 + [Mf]x',6;Qi/2 + \Dx'U]t,{l+S)l2-,Qy2 

<n([u\ x',2+6;Qi + [M]f,l+6/2;Qi + |m|o;Qi) ■ ( 6 . 6 ) 

Let (t,x) e Qi/2, r e (0,1/8), and £ = {£',£") e IR'^ be a unit vector such that £" = 0. 
By using Taylor's formula, we have 

\b]^^2D]u{t,x) - = \b]^^20]u{t,x) - r~'^^]^^u{t,x))\ 

< A\D]u - r“^A^_^u|o;Q„2 ^ ^^[DrU]x',6;Qi 

and 

r“ 2 | 6 ^_^ 2 A^,.u(f,x)| = r“ 2 |A^,. 6 ^_^ 2 u(f,x)| < 4r“2|6f,2w|o;Qi/2 < ^r^[ut]t,6/2-,Qi- 
Combining the two inequalities above, we get 

\bl^2D^iU{t,x)\ < 4r^ {[DI,u]^',5;q, + [Mt]f, 6 / 2 ;Qi). (6.7) 

Using the simple identity 

~ ^t,2r^ ~ 

we deduce from (16.7b by an iteration that 

[D^'W]t,6/2;Q„2 ^ ^([C>^'W]x', 6 ;Qi + [“f]f,6/2;Qi + \Dl,u\o;Q^^^'j 

< N {[DI,u]x',6;Qi + [Mf]f, 6 / 2 ;Qi + |m|o;Qi) / ( 6 . 8 ) 

where in the last inequality we used the classical interpolation inequality with 
respect to x'. Similarly, we have 

- r“^A|^6,,r2M(Lx)| < 8r*[Mt]t,6/2;Qi 

and 

r“^|A^ ,.6,,,2u(f,x)| = r“^|6f,r2A^ ,.u(f,x)| < 2r^[D^,u]2:',6;Qi, 

which yields 

|A^_^Mt(f,x)| < 8 r'^[Uf]t, 6 / 2 ;Qi + 2 r*[D^,M] 2 :-, 6 ;Qi- (6.9) 

Using the identity 

3 A(jU{t,x) = Ac^3rU{t,x- tr) - A^^M(t,x - £r), 
we deduce from (16.9b by an iteration that 

[Mt]x, 6 ;Qi /2 ^ ^ {[^r^]x',5:Qi + [Mf]t,S/2;Qi + |Mflo;Q 3 / 4 ) 

< N ([D^,m] 2 :', 6 ;Qi + [Mf]t,S/ 2 ;Qi + |m|o;Q 3 / 4 ) • (6.10) 

where in the last inequality we used the classical interpolation inequality with 
respect to f. Moreover, combining 

|d^,.2D^M(t,x) - {2r)~^bl^2^e,2Mt,x- r£)\ < Nr^'^^[Dlu]r,6-,Q, 

and 

r“^|6j^^2Af,2rW(t,x - r£)\ = r~^\Ae,2rbl^2u{t,x - r£)\ < Nr^'"^[ut]t,6/2, 

we get 

| 6 f^^ 2 D^M(t,x)| < + [Uf]t, 6 / 2 ;Qi) • 


( 6 . 11 ) 
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Similar to J6.8b and (16.10b . we deduce from (16.11b that 

[Dj:-M]f,(l+5)/2;Q„2 < N{[DI,u]x',6;Qi + [Ut]t,6/2;Qi + \Dx'll\o;Q^^^^ 

< N + [Mf]t,6/2;Qi + |m|o;Qi) • (6.12) 

From (16.8b . (16.10b , and (16.12b . we reach (16.6b , and thus (16.3b . Finally, (16.4b follows 
from (16.3b by sending R —> oo. ■ 

Remark 6.13. From the proof it is easily seen that (16.2b still holds when 6 = 1. In 
general, estimate (16.3b is not true without the lower-order term on the 

right-hand side. For instance, if u = then we have [w]j:', 2 + 6 ;Qr = [m]i,i+ 6 / 2 ;Qr = 

0, but [w]z'4+5/2,2+6;Qr/2 > 0- 

As we are not able to find an explicit reference in the literature, we also include 
the following version of Campanato's theorem for p e (0, ijl. We only present the 
elliptic case, since the parabolic case is similar. 


Lemma 6.14. Let p e (0,1), Rq e (0,1/2), 6 e (0,1], and u e Lp-joc{Bi) be a function. 
Suppose that for any xq e B 1/2 and r e (0,Ro)/ we can find a constant Cx„,r such that 



u - Cx,I dx < 


(6.15) 


for some constant M > 0 independent ofxo and r. Then there exists a function v e €'^( 61 / 2 ) 
such that u = V in B 1/2 a.e. and 


< N{6,p,Ro)M. 

Proof. For any xq e B 1 / 2 , r e (0, Rq), and r' e [r/2, r), by the triangle inequality, 

\^xo,r ~ Cxo.r'P ^ ~ ^xo,r' \ + fi{x) ~ Cxo.rl) ^ \u{x) — Cxgj’f "t" \u{x) — Cxg.rf 

holds for any x e B^fixo). Taking the average with respect to x e Brfxo), we get 

|Cxo,r - Cxo,r'\ ^ NMt^. (6.16) 

Therefore, for fixed xq e B 1 / 2 , Cx^j converges as r —> 0. We denote the limit to be 
v{xq). Then again by (16.16b 


This and (16.15b imply that 


f ' 

JBrixo) 


\Cx„,r - i^(a;o)l < NMr®. 

\u - v(xo)f dx < NAfrPf 


(6.17) 


Now for any xq, 1/0 ^ B 1/2 such that t := |xo - yol < Kq, we have 
|ii(xo) - viyoW < (|m(x) - z;(xo)| -h |m(x) - v{yo)\f < \u{x) - v{xoW + \u{x) - v{yo)f. 
Taking the average with respect to x e Bx(xo) n Bfiyf), we easily get from (16.17b that 

|ii(xo) - i;(yo)| < NMxf 

which implies that v e C^(Bi/ 2 ) and [z’] 6 ;Bi /2 ^ bLM. 


*We would like to thank Prof. Mikhail Safonov for the simplified proof of this lemma. 
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On the Other hand, because M e Lp;;oc(Bi), for any fixed constant c and a.e. xq e Bi, 
by the Lebesgue differentiation theorem we have 


f '' 

Jb,(xo) 


\u - cf dx \u{xo) - cf as r —> 0. 


Therefore, for a.e. xq e Bi and any c e Q, we have 

\u - cf dx —> |m(xo) “ c|^ as r —> 0. 


i 


B,{xo) 

Next, for any such xq, we take a sequence of rational number {ck} which converges 
to u(xo). Since 

-r \u- u{xo)f dx < f \u- Ckf dx + \ck - u(xo)f, 

JBrixo) JBr(xo) 

letting k sufficiently large and then r sufficiently small, we see that 

\u - M(xo)r dx —> 0 as r —> 0. 


f 

Jb,(xo) 


Therefore, v = u a.e. in B 1/2 . The lemma is proved. 


Remark 6.18. It is worth noting that when p e (0,1), in general the following 
inequalities, which may seem very plausible, actually do not hold: 



-(M)Bj'’dx<N r |M(x)|'’dx, 

JBr 



JP dx <N 



\u{x) - {u)bJ^ dx. 


In fact, one can easily construct a function such that |M(x)|f’ dx < 1, (u)b 2 , = 0/ hut 
(m)b, is as large as we want. 


Acknowledgment. The authors would like to thank the referees for reading of the 
manuscript and many useful comments. 
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